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Abstract
We give explicit constructions of large external ﬂats to varieties in symmetric product spaces
over ﬁnite ﬁelds and the parameters of the codes associated with these ﬂats.
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1. Introduction
Let V ¼ /v1;y; vnS be a vector of dimension n over a ﬁeld K : The tensor product
vector space V#V decomposes into the direct sum of the subspaces SðV#VÞ and
AðV#VÞ called the symmetric part and the antisymmetric part of V#V ;
respectively. The vectors fvij ¼ vi3vj ¼ vivj þ vjvi; 1pipjpng form a basis of V2 ¼
SðV#VÞ: For further details, see [12, Chapter 19].
With the choice of such a basis, V2 can be identiﬁed with SnðKÞ; the set of all n  n
symmetric matrices with entries in K ; via the map deﬁned by
m:
X
1pipjpn
xijvij-ðxijÞni;j¼1;
which turns out to be an isomorphism of vector spaces.
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A vector v of V2 is said to have rank r if and only if the matrix mðvÞ has rank r:
We denote by Wr the collection of all one-spaces /vS; vAV2; va0; such that
rankðvÞpr: This is a projective variety in PGðV2Þ; the projective space of dimension
N ¼ nðn þ 1Þ=2	 1 with underlying vector space V2: Indeed, Wr consists of the zeros
of all determinants of the submatrices of order r þ 1 of a generic n  n symmetric
matrix and its dimension is rð2n þ 1	 rÞ=2	 1; see [9].
The projective variety W1 is known as the Veronese variety of PGðVÞ and it has
been widely studied from different points of view, see [10, Section 25].
For a given ron; a projective subspace PGðUÞ of PGðV2Þ is called an external flat
to the variety Wr if PGðUÞ-Wr ¼ |:
Let K be algebraically closed. Then the set of points /xS; xAV2; spanned by a
tensor of rank r is open and dense in Wr: By [9], the maximal dimension of a linear
subspace U of V2 such that PGðUÞ is disjoint from Wr is ðn 	 rÞðn þ 1	 rÞ=2:
When K is not algebraically closed, in particular if K is ﬁnite, the situation could
be different. In other words, it is possible to ﬁnd linear subspaces in V2 which are
disjoint from Wr; whose dimension is greater then ðn 	 rÞðn þ 1	 rÞ=2: For instance,
if n ¼ 3 the variety W2 is the chordal variety of W1 of PGðV2Þ and we are able to ﬁnd
a three-dimensional linear subspace U such that PGðUÞ is external to W1:
If K is not algebraically closed, we call an external ﬂat to Wr large if its dimension
is greater than ðn 	 rÞðn þ 1	 rÞ=2	 1:
Looking for large external ﬂats to Wr in projective spaces over ﬁnite ﬁelds is also
interesting from a Coding Theory’s point of view. In [6], de Boer considered codes
spanned by quadratic forms in projective spaces PGðn; qÞ over the ﬁnite ﬁeld Fq: The
codewords of such codes are the evaluation of quadratic forms in the points of
PGðn; qÞ: More precisely, let cPGðn; qÞ be a set of ﬁxed representatives of the points of
PGðn; qÞ in a ﬁxed order, and S a subspace of V2: Then the code is the image of S
under the evaluation map
ev : S-Fdq;
v/ðvðxÞ : xAcPGðn; qÞÞ;
here d is the number of points of PGðn; qÞ and, by abuse of notation, we identify the
vector v with the quadratic form deﬁned by v: The codes are linear codes over Fq of
length d; and codewords of low weights correspond to forms with many zeros. For
this reason, de Boer in [6] looked for large subspaces that do not contain any form
with many points and having even rank. He conjectured that the dimension of such
spaces is maximal so that the codes are maximal subcodes of the quadratic code with
respect to the minimum distance; see [6] for more details.
In [15], Meshulam showed that if Z is a linear subspace contained in Wr and if
jK jXn þ 1 then dimðZÞpaðn; rÞ where
aðn; rÞ ¼ maxf
rþ1
2
 
; ns 	 s
2
 þ 1g if r ¼ 2s;
maxf rþ1
2
 
; ns 	 s
2
 þ 1g if r ¼ 2s þ 1:
(
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Furthermore, Loewy and Radwan in [14] characterized the subspaces ZCWr
whose dimension attains the value aðn; rÞ: From this, we get a crude upper bound for
the dimension of a linear subspace in V2 which contains no nonzero tensors with
rank at most r: In fact, let U be such a linear subspace. Then U-Z ¼ 0 and
dimðUÞ þ dimðZÞpN; i.e. dimðUÞpN 	 aðn; rÞ:
By using the software package MAGMA [2], we checked that there are no linear
subspaces attaining such a bound for small values of q; n and r:
Straightforward calculations show that aðn; rÞpkr; if n ¼ 2k and aðn; rÞp
kr þ Jr
2
n; if n ¼ 2k þ 1: Thus, we extend the de Boer’s conjecture [6] to the
following:
Let U be a linear subspace of V2 such that PGðUÞ is an external flat to Wr: Then
dimðUÞp ðn þ 1	 rÞk if n ¼ 2k;ðn þ 2	 rÞk 	 Jr
2
nþ 1 if n ¼ 2k þ 1;
(
i.e.
dimðV2=UÞX
kr if n ¼ 2k;
kr þ Jr
2
n if n ¼ 2k þ 1:
(
In this paper, we construct large external ﬂats over ﬁnite ﬁelds different from those
constructed by de Boer. When n is odd, our spaces have the same dimension as those
in [6]. We also prove the above conjecture in the case r ¼ n 	 1:
2. Construction of large external ﬂats to Wr in V2
Let V ¼ /v1;y; vnS be a vector space of dimension n over K ¼ Fq; the ﬁnite ﬁeld
with q elements. In this section, we construct subspaces U of V2 such that PGðUÞ is
external to Wr: We use techniques and notations as those introduced by Cooperstein
in [3,4].
Denote by Fr the Frobenius automorphism of Fqn over Fq: Let o be a generator of
the cyclic group Fqn ¼ Fqn \f0g and mðXÞ ¼ X n þ an	1X n	1 þ?þ a1X þ a0 be its
minimal polynomial over K : The companion matrix C of mðXÞ is
0 0 y 0 	a0
1 0 y 0 	a1
0 1 y 0 	a2
^ ^ ^ ^
0 0 y 1 	an	1
0BBBBBB@
1CCCCCCA:
The linear transformation s : V-V whose matrix with respect to the basis
ðv1;y; vnÞ is C is nonsingular and the cyclic group S ¼ /sS generated by s has
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order qn 	 1 and acts transitively on the nonzero vectors of V : The group S is called
a Singer cyclic group of V [11].
Let V˜ ¼ Fqn#V and consider s : V˜-V˜ naturally extended on V˜: Then s leaves
invariant the Fq-space V :
Let z : V˜-V˜ be the Fqn -semilinear transformation with associated automorphism
Fr such that
zðviÞ ¼ vi:
It was proved in [3] that there is a basis of V˜ consisting of eigenvectors w1;y; wn;
for s such that
sðwjÞ ¼ oqj	1wj
and
zðwjÞ ¼ wjþ1; 1pjpn; zðwnÞ ¼ w1:
It follows that
V ¼ V˜/zS ¼
Xn
j¼1
aq
j	1
wj: aAFqn
( )
:
Now, set O ¼ f1; 2;y; ng and k ¼ Jn	12 n: Let t :O-O be the map deﬁned by
tðiÞ ¼ i þ 1; 1pipn and tðnÞ ¼ 1: Set GðjÞ ¼ ð1; jÞ/tS; 1pjpk þ 1 and DðtÞ ¼Sk	tþ1
j¼1 GðjÞ; 1ptpk:
Lemma 2.1. Let 0pspk 	 t and set n ¼ 2k þ e; e ¼ 0; 1:
Then there exists only one bijective map
l : f1; 2;y; 2t þ eg-fk 	 t 	 s þ 1;y; k þ t 	 s þ eg
consisting of ordered pairs from Dðt þ sÞ; namely lðiÞ ¼ k 	 t 	 s þ i:
Proof. Let l be such a map. Since ði; lðiÞÞADðt þ sÞ; then jlðiÞ 	 ijpk 	 t 	 s: Now,
X2tþe
j¼1
j ¼ ðt þ eÞð2t þ 1Þ
and
Xkþt	sþe
j¼k	t	sþ1
j ¼ ð2t þ eÞðk 	 t 	 sÞ þ ðt þ eÞð2t þ 1Þ:
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Thus,
Xkþt	s	þe
j¼k	t	sþ1
j 	
X2tþe
j¼1
j ¼ ð2t þ eÞðk 	 t 	 sÞ;
which is nonnegative. From
ð2t þ eÞðk 	 t 	 sÞ ¼
X2tþe
j¼1
ðlðiÞ 	 iÞ

pX2tþe
j¼1
jlðiÞ 	 ij
it follows that jlðiÞ 	 ij ¼ k 	 t 	 s:
Suppose i4lðiÞ and ði; lðiÞÞAGðjÞ ¼ fð1; jÞ;y; ð1þ n 	 j; nÞ;y; ðn; n þ j 	 1Þg
for some j: Then it must be that i41þ n 	 jXn 	 k þ t: Since n ¼ 2k þ e; it turns
out that i4k þ eþ tX2t þ e; which gives a contradiction. Hence, lðiÞ 	 i ¼
k 	 t 	 s: &
Consider V2 ¼ SðV#VÞ and let V˜2 ¼ SðV˜#V˜Þ be the symmetric part over Fqn :
Then V2 ¼ V˜/zS2 and the nðn þ 1Þ=2 elements wab ¼ wa3wb ¼ wa3wb; 1papbpn;
form a basis for V˜2:
If g1 : V˜-V˜ and g2 : V˜-V˜ are linear mappings then there exists a unique linear
mapping g : V˜2-V˜2 such that
gðu3vÞ ¼ g1ðuÞ3g2ðvÞ;
for all u; vAV˜: The mapping g is called the symmetric product of g1 and g2:
Denote by #s and #z the symmetric product of s and z by themselves. We note that #s
and #z have the same order as s and z:
Thus, wab is an eigenvector for #s in V˜2 with eigenvalue oq
a	1þqb	1 :
As noted in [3], the mapping #z permutes these eigenvectors in k þ 1 orbits which
are
fwab: ða; bÞAGðjÞg; 1pjpk þ 1:
The Fqn -space V˜2ðjÞ ¼ /wab: ða; bÞAGðjÞS is left invariant by both #s and #z: Hence,
#s also leaves invariant the ﬁxed points of t in V˜2ðjÞ; which we denote by V2ðjÞ:
Explicitly,
V2ðjÞ ¼
Xn
i¼1
aq
i	1
wti	1ð1;jÞ: aAFqn
( )
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for 1pjpk; and
V2ðk þ 1Þ ¼
Xn
i¼1
aq
i	1
wti	1ð1;kÞ: aAFqn
( )
if n ¼ 2k þ 1;
V2ðk þ 1Þ ¼
Xk
i¼1
bq
i	1
wti	1ð1;kÞ: bAFqn
( )
if n ¼ 2k:
Thus,
V2 ¼ "
kþ1
j¼1
V2ðjÞ:
For 1ptpk set
UðtÞ ¼ "k	tþ1
j¼1
V2ðjÞ:
Note that the dimension of UðtÞ is nðk 	 t þ 1Þ which is equal to ðn þ 1	
ð2t 	 1ÞÞk if n is even and to ðn þ 1	 ð2t 	 1ÞÞk 	 t þ 1 if n is odd.
Theorem 2.2. There are no nonzero symmetric tensors of rank less or equal to
2t þ e	 1 in UðtÞ: That is, PGðUðtÞÞ-W2tþe	1 ¼ |:
Proof. Denote the element
Pn
i¼1 a
qi	1wti	1ð1;jÞ by xjðaÞ; 1pjpk andPk
i¼1 b
qi	1wti	1ð1;kþ1Þ by xjðbÞ: Let x ¼
Pk	tþ1
j¼1 xjðajÞAUðtÞ be a symmetric tensor
of rank less then 2t þ e: Taking into account Lemma 2.1 the proof goes as in
Theorem 3.1 of [3], by proving ﬁrst that aq
2tþe	1þ?þqþ1
k	tþ1 ¼ 0; hence ak	tþ1 ¼ 0: By
induction, then we have aj ¼ 0 for all j; 1pjpk 	 t þ 1: Thus, x must be the zero
tensor and the result follows. &
3. Some upper bounds for the dimension of external ﬂats
In [15], Meshulam showed, under the assumption qXn þ 1; that the maximal
dimension of a linear subspace contained in Wr is aðn; rÞ:
Remark 3.1. From the proof of the main theorem in [15] we deduce that if qpn the
dimension of a subspace contained in Wr could be bigger than aðn; kÞ: If this
happens, the maximal dimension of an external ﬂat PGðUÞ to Wr is smaller than
N 	 aðn; rÞ:
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Now, let n ¼ 2k þ e; with e ¼ 0; 1; and t ¼ k: Then r ¼ 2k þ e	 1 ¼ n 	 1 and
aðn; rÞ ¼ nðn 	 1Þ=2: Thus, dimðPGðUÞÞpn 	 1 for an external ﬂat PGðUÞ to Wn	1:
Since UðkÞ has dimension n and all its tensors have rank n we have proved the
following result.
Proposition 3.2. PGðUðkÞÞ is a maximal dimension external flat to Wn	1:
Theorem 3.3. Let U be a linear subspace of V2 such that PGðUÞ is an external flat to
W1: Then dimðV2=UÞXk þ e:
Proof. Suppose there exists UpV2 with PGðUÞ-W1 ¼ | and dimðUÞ ¼ dXkðn þ
eÞ þ 1: Let H1;y; Hd be hyperplanes in V2 such that
Td
i¼1 Hi ¼ U and take
fiAHomðV2; FqÞ; 1pipd; with kerðfiÞ ¼ Hi: For every fi; the map f˜i : V-Fq deﬁned
by f˜iðvÞ ¼ f ðv3vÞ is a quadratic form which polarizes to fˆ iðu; vÞ ¼ 2f ðu3vÞ (which is
totally degenerate if q is even). Denote by Si the set of singular nonzero vectors of
f˜i; 1pipd; and consider
Td
i¼1 Si: Since 2dp2ðk þ e	 1Þon; by Chevalley–Warning
Theorem extended to systems of equations [13], there exists a nonzero vector v inTd
i¼1 Si: This implies that the rank one tensors v3v belongs to
Td
i¼1 kerðfiÞ ¼ U and
we get a contradiction. &
4. The case of PGð5; qÞ: lifting Singer cycles
In this section, we assume that V is a vector space of dimension 3 over Fq: Thus,
V2 has dimension 6. Also, the chordal variety W2 of W1 is a cubic hypersurface of
PGðV2Þ; see [10, Theorem 25.1.12]. Notice that, over the algebraic closure Fq of Fq;
W1 is the unique nonsingular surface in PGðn; KÞ whose chordal variety does not
invade the whole space, see [7].
Let G be the automorphism group of W1: From [10, Theorem 25.1.1.0], G is an
isomorphic copy of the group PGLð3; qÞ; and so each linear collineation of PGð2; qÞ
can be ‘‘lifted’’ to a collineation of PGðV2Þ leaving W1 invariant.
Let S ¼ /sS be the Singer cyclic group of PGð2; qÞ: From [1], the lifting of s to a
collineation group of PGðV2Þ ﬁxing W1 has the following rational form:
M ¼ T1 O3
O3 T2
 !
;
where T1 ¼ S2 and T2 ¼ Sqþ1 both induce Singer cycles on PGð2; qÞ: The group
/MS has order q2 þ q þ 1: Geometrically, /MS ﬁxes two planes, p1; p2; and
partition the remaining points of PGðV2Þ into Veronese surfaces, [1, Corollary 5]. In
particular, the planes p1 and p2 are both full orbits of /MS:
Assume that /MS induces T1 on p1 and T2 on p2: We have the following result.
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Proposition 4.1. The plane p1 is a disjoint form of the chordal variety W2 of W1; while,
the plane p2 is disjoint form W2 if and only if q is odd.
Proof. A point of p1 is represented by a symmetric matrix of the form
a 0 0
0 aq 0
0 0 aq
2
0B@
1CA;
with aAGFðq3Þ\f0g: For any q; such a matrix has always rank three. A point of p2 is
represented by a symmetric matrix of the form
0 b bq
b 0 bq
2
bq bq
2
0
0BB@
1CCA;
with bAGFðq3Þ\f0g: Such a matrix has rank two if and only if q ¼ 2: In this event, p2
is the nucleus of W1 [10, Theorem 25.1.7]. &
Remark 4.2. For n ¼ 3 and q ¼ 3; by using the software package MAGMA [2] we
ﬁnd that U ¼ /v1; v2; v3; v4SFq ; where v1 ¼ ð1; 0; 0; 0; 0; 2Þ; v2 ¼ ð0; 1; 0; 1; 0; 2Þ; v3 ¼
ð0; 0; 1; 2; 0; 1Þ and v4 ¼ ð0; 0; 0; 0; 1; 0Þ gives an example of an external ﬂat to W1
whose dimension attains the upper bound. Here, W1 ¼ fðx2; y2; z2; xy; xz; yzÞ :
x; y; zAF3g:
5. Some applications
In this section, we give some applications to linear codes and caps of projective
spaces.
Set CðtÞ ¼ evðUðtÞÞ:
Proposition 5.1. For n ¼ 2k the codes CðtÞ have parameters
½ðqn 	 1Þ=ðq 	 1Þ; nðk 	 t þ 1Þ; qn	1 	 qn	t	1:
If tok; the codewords have exactly n þ 3	 2t distinct nonzero weights; if t ¼ k the
code CðtÞ is a two-weight code.
For n ¼ 2k þ 1; the codes CðtÞ have parameters
½ðqn 	 1Þ=ðq 	 1Þ; nðk 	 t þ 1Þ; qn	1 	 qn	t	2
and the codewords have exactly n 	 2t distinct nonzero weights.
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Proof. From Theorem 2.2, the minimum rank for vectors in UðtÞ is 2t þ e: The
number of weights follows from the distinct types of quadrics associated with such
vectors [10, Theorem 22.6.2] and their number of zeros [10, Theorem 22.5.1]. &
Remark 5.2. When n is odd, the codes CðtÞ have one weight less then the codes
constructed by de Boer in [6].
As another application of Theorem 2.2 we project caps of PGðV2Þ into caps of
smaller spaces. In fact, let n ¼ 2k; kX2; and U ¼ Uð2Þ: By Theorem 3.3,
PGðUÞ-W3 ¼ |: Consider the space X ¼ V2=U which has dimension 3k: In [5], it
was proved that W1 is always a cap of size ðqnþ1 	 1Þ=ðq 	 1Þ in PGðN; qÞ:
Proposition 5.3. The set %W1 ¼ fp þ U : pAW1g is a ðq2kþ1 	 1Þ=ðq 	 1Þ cap in
PGðXÞ:
Proof. Take p1; p2; p3 any three distinct points in W1: Since every point in p ¼
PGð/p1; p2; p3SÞ has rank at most three, it turns out that p-U ¼ |: Thus, pi þ
U ; i ¼ 1; 2; 3 are never collinear in %W1: &
Remark 5.4. For k ¼ 2; it is dimðX Þ ¼ 6 and W1 is a cap of size ðq4 	 1Þ=ðq 	 1Þ in
PGðXÞCPGð5; qÞ: More precisely, %W1 is the Glynn’s cap [8] on G1;3ðqÞ [5].
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